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Abstract
The work is motivated by the papers [Bai], [Baz], [Bar], [Bai1], [Be] and [Be-Tu]. In particular,
the strong homology groups of continuous maps were defined and studied in [Be] and [Be-Tu].
To show that the given groups are a homology type functor, it was required to construct a
corresponding shape category. In this paper, we study this very problem. In particular, using
the methods developed in [Baz], [Mas], the strong shape theory of continuous maps of compact
metric spaces, the so-called strong fiber shape theory is constructed.
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Introduction

The idea of the expansion of a map into the inverse or direct system consisting of good maps has been
successfully used by various mathematicians to solve various problems of general topology, geometric
topology and algebraic topology [Baz|, [Ba-Ts|, [Ed-Tu], [Kal], [Ma4], [Mas], [Mas], [Ya]. Using the
idea of the papers [Baj] - [Baji], [Ed-Tu], [Ka], [Ma;], [May] continuous maps are investigated
from the point of view of homology and homotopy theories. Applying the (co)shape properties of
continuous maps, functors from the category of maps of topological spaces to the category of long
exact sequences of groups were considered by V.Baladze [Baji]. On the other hand, the projective
and the strong homology groups of continuous maps of compact metric spaces were defined in the
papers [Bajs], [Be]. The connection between the spectral and strong homology groups of maps
was studied in the paper [Be-Tu]. Our further purpose is axiomatic characterization of it, without
relative strong homology groups, in the sense of Hu [Hu]. In this case, the theory of inverse systems
plays an important role. Consequently, the main aim of this paper is to develop fiber strong shape
theory of continuous maps.

We construct the fiber strong shape classification of maps using the methods of inverse sys-
tem theory. It consists of approximation of maps by maps of ANR-spaces. There exist an-
other approaches to fiber strong shape theory, which are analogous to the technique considered
in [Baty], [Bate], [Cat-Seg1], [Cat-Segz], [Dyd-Now], [Gun;], [Guny], [Por] and lead to equivalent
theories. In this paper we use the method of Mardesi¢-Lisica [Mag], which is more geometric and
is connected to construction of strong homology groups.

As it is known, in the process of constructing the general shape category of topological spaces,
the main step is to show that any resolution of the space is an expansion of the given space.
For constructing the strong shape theory of topological spaces, it is an important fact that any
resolution of the space is a strong expansion and any strong expansion is a coherent expansion
[May;], [Maz], [Mag]. In the paper [Baz| the fiber resolution and fiber expansion of continuous maps
is defined and it is shown that any fiber resolution is a fiber expansion. In this paper we will define
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a strong fiber expansion. We will modify some lemmas and theorems of [Bar], [Ma4], [Mag] and
will show that any fiber resolution is a strong fiber expansion. Besides, we will prove an analogous
lemma of the main lemma on strong expansions [Ma;]. Using the obtained results and methods
of strong shape theory, we will construct a strong fiber shape category of maps of compact metric
spaces.

In this paper we will use the following notations and notions.

Let Top be the category of topological spaces and continuous maps. Denote by MORTop, the
category of morphisms of the category Top. Therefore, any continuous map f : X — X’ is an
object of the category MORop and if f : X — X" and g : Y — Y are two objects of this category,
then a pair (¢, ") of continuous maps ¢ : X — Y and ¢’ : X’ — Y’ is a morphism of MOR,p
if the condition f' o ¢ = ¢’ o f is fulfilled. Let CM be the category of compact metric spaces and
continuous maps. Denote by MORcwm the full subcategory of the category MORTop objects of
which are continuous maps of compact metric spaces. In the case of the category M of metric
spaces, MOR\s denotes the corresponding full subcategory of the category MORTop.

Two morphisms (¢, ), (¥.¢') : f — f’ of the category MORop, are called homotopic if there
is a morphism

(0,0 : fx1;— f (0.1)
such that © is a homotopy from ¢ to 1 and ©’ is a homotopy from ¢’ to ¢’ [Bas].

A submap of amap f: X — X'isamap g: A — A', where AC X, A’ C X' and fj4 = g. The
submap is called closed (open) if A and A’ are closed (open) subspaces of X and X', respectively
[Ba7].

Let g : A — A’ be a submap of a map f: X — X’ and (p,¢’) : f — ¢ be a morphism. The
pair (¢4, gp?A,) of restrictions ¢4 : A — Y and cpTA, : A — Y’ is called a restriction of morphism
(©,¢") on the submap g : A — A’ and this pair is denoted by (¢, ¢')|, [Bar].

A morphism (4,4') : g — f is said to be an embedding. If i : A — X and ¢ : A’ — X' are both
embeddings. If both ¢ : A — X and ¢’ : A’ — X’ are closed maps, then (i,4') : ¢ — f is said to be
a closed embedding [Baz].

A morphism (¢, ') : f — g is said to be constant if o : X — Y and ¢’ : X’ — Y’ are constant
maps [Bay].

Let g: A — A’ be a submap of amap f: X — X’. A submap fy : U — U’ of a map [ is
said to be a neighborhood of g in f, if U is an open neighborhood of A in X and U’ is an open
neighborhood of A" in X’ [Bay].

Let g : A — A’ be a submap of a map f : X — X’ and (p,¢’) : ¢ — h be a morphism. A
morphism (@, ¢’) : f — h is said to be an extension of (¢, ¢’), if (¢, "))y = (¢, ¢’) [Baz].
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Let (i,i") : g — f be an embedding. The g is said to be a retract of f provided that there exists
a morphism (r,7’) : f — g such that (r,7") o (i,7') = (1x, 1x/) [Baz].

A submap g is said to be a neighborhood retract of f, if it is a retract of some neighborhood
fu of g in f [Bas].

A map f: X — X’ of the category MORyy is said to be an absolute retract for the category
MORyy, if for each closed embedding (7,i') : ¢ — f € MORy\ there exists a retraction (r,r’) :

f = (i,i")(g) [Bag].

A map f: X — X' of the category MORy\ is said to be an absolute neighborhood retract
for the category MORyy, if for each closed embedding (i,i") : ¢ — f € MORy\ there exists a
neighborhood fy : U — U’ of (4,i')(g) in f and a retraction (r,7) : fu — (i,4")(g) [Baz].

Let AR(MORy) and ANR(MORyy) be the category of all absolute retracts and all absolute
neighborhood retracts for the category MORy, respectively. Note that if f € A(N)R(MORwm),
then f is called an A(N)R(MORjpp)-map. From now, we call an A(N)R(MORy)-map an
A(N)R-map.

1 Fiber resolution and strong fiber expansion of a continuous map

Let f = {fA, (pA,Awp/)\,)\/) ,A} be an inverse system in the category Morrep of continuous

maps of topological spaces. Let f = {f} be a rudimentary system whose term is just only a map
f: X=X\

Definition 1.1. (see [Baz]) A fiber resolution of a map f is a morphism (p,p’) = {(px,p\)}: f = f
of the category pro — Morrop which for any ANR-map ¢t : P — P’ and a pair (o, o) of coverings
a € Cov (P) and o € Cov (P'), satisfies the following two conditions:

FR1) for every morphism (p,¢") : f — t there exist A € A and a morphism (px,¢3) @ fx =t
such that (px, ©4) o (pa,ph) and (g, ¢’) are (@, &')-near;

FR2) there exists a pair (8, ’) of coverings 8 € Cov (P) and 8’ € Cov (P’) with the following
property: if A € A and (¢x,¢h), (¥r, %)) : fr — t are morphisms such that the morphisms
(ex,¢)) o (pa,py) and (¢, ¥)) o (pa,ph) are (B3, 3')-near, then there exists a A’ > X such that

(©x, @) © (Panr, Py) and (Pa, ¥)) o (par, iy ) are (o, a’)-near.

If in a fiber resolution (p,p’) : f — f each f) is an ANR-map, then this fiber resolution is
called and ANR-resolution.

In the paper [Bay] it is shown that any continuous map admits an ANR-fiber resolution (see
theorem 3.2 of [Bar]). In this section our aim is to define a strong fiber expansion of a continuous
map and to prove that any ANR-fiber resolution is a strong fiber expansion. For this aim we need
some modification of lemma 3.4 of [Bar| and analogous result of lemma 1 of [May].

Definition 1.2. We will say that a morphism (p,p’) = {(px,p}) } : f — f of the category
pro — Morrop is a strong fiber expansion of a continuous map f : X — X', if for every ANR-map
t : P — P’ the following conditions are fulfilled:
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SF1) for every morphism (¢, ') : f — ¢ there exist A € A and a morphism (px,©}) @ fr =t
such that

(¢, ¢") = (oa, #4) © (pr, DY) - (1.1)

SF2) if A € A and (¢x, ¢4, (¥, ¥4) © fa — t are morphisms such that the morphisms (¢y, ¢}) o
(px,ph) and (¥, ) o (pa,p) are connected by a fiber homotopy (©,0’) : f x 1; — t, then there
exist a A" > A and fiber homotopies (A, A") : fx x 1y — ¢ and (I',T”) : f x 1; X 1; — ¢ such that
the homotopy (A, A’) connects the morphisms (¢x, ¥4 ) © (Par, i) and (¥a, ¢4) o (pan, Py, ) and
the homotopy (I',I") connects (©,0") and (A, A’) o (px x 17,p % 1;) and is fixed on the submap
leaI:XX131—>XIX151.

Let C (Z, P) be the space of all continuous functions from Z to P endowed with the compact-
open topology. For any continuous map ¢t : P — P’ and any topological space Z denote by
t# . C(Z,P) — C(Z,P') the map which is defined by the formula

t* (f)=tof, VY feC(ZP). (1.2)

Proposition 1.3. Let t : P — P’ be an ANR-map and let Z be a compact metric space. Then
the map t# : C (Z,P) — C(Z, P') is an ANR-map.

This proposition is proved in [Baz].

Lemma 1.4. Let f : X — X’ be a map of topological spaces, ¢ : P, — P,, t : P — P’ be
ANR-maps. If ((,¢"): f = t, (&), (n,n') : ' — t are morphisms and (©,0") : f x1; — ¢t
is a homotopy which connects the morphisms (£,£) o (¢,¢’) and (n,7") o (¢,(’), then there exist
an ANR-map t” : P, — PQ/, a morphism (o,0’) : f — t", (k,k') : t — t/ and a fiber homotopy
(A, A) : " x 17 — t such that

(€. ¢) = (kK)o (0,0), (1.3)
(A, A7) (§,€) o (k, k) = (n,1') o (K, k), (1.4)
(0,0') = (A, A))o (a x 17,00 % 11) . (1.5)

Note that lemma 1.4 without (1.5) is proved in [Bas]. The fiber homotopy (A, A”) :t" x 1 — ¢
is constructed there as well. So we just check that (1.5) is fulfilled.

Proof. Consider the ANR-map t# : C (I, P) — C (I, P') and define a morphism (u, p') : f — t#
by

w(z) (t) =0 (x,t), Vee X, tel, (1.6)
p (2 (t) =0 (2,t), Va'e X', tel (1.7)
In this case t# o u = u’ o f [Bay] . Now define a morphism (o,0") : f — t' x t# by
o(z) = (C(x),u(x)) VieX, (1.8)
o @)= (@)W @) Ve eX. (1.9)

It is shown that (¢’ x t#) oo = ¢’ o f [Bay].
Consider the projections  : P, x C' (I, P) — P1, k" : P, x C (I, P') — P, and the corresponding
morphism (x, &) : t' x t# — t' [Bas].
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Let
Py={(y,0) e i xC(L,P)|p(0)=&(), ¢(1) =& (v)}, (1.10)

Py={(z0) € PLx C(LP) [0 (0) =€ (v), (1) =€ (v} (1.11)

In the paper [Bas] it is shown that (¢ x t#) (P) C P, and the sets o (X) and o’ (X') are the
subsets of P, and PQ/, respectively. Consider the restrictions

U= (' xtF) P P, (1.12)
(k, 1) = (ky &) 187 =1 (1.13)
Let (A, A") =¢ x 17 — t/ be given by

A((yaw)vt) :<p(t), v (y,<p) € B, (1'14)
A((z9), 1) =¥ (1), V (2,¢)€ P, (1.15)

Our aim is to show that (1.5) is fulfilled. Indeed,
Ao (ox 1) (z,t) = Ao (z),t) = A((C(2),p(2),1) = p(2) (t) = O (1), (1.16)
Ao (0" x 1) (2',t) = Al (o' (2') 1) = A" ((¢" (), 1 (2)) , 1) = ' (@) (8) = © (2',1) . (1.17)
Q.E.D.

Theorem 1.5. Let t : P — P’ be an ANR-map. Then every pair (o, a’) of coverings « and o' of
P and P’, respectively, admits a pair (3, 8’) of coverings of P and P’, respectively, such that for any
two (a, o’)-near morphisms (¢, ¢'), (¢¥,¢’) : f — t from a map f : X — X’ of arbitrary topological
spaces into t : P — P’; there exists a (3, 8')-homotopy (0,0') : (v, ¢’) = (1b,4"). Moreover, if for
a given point € X, ¢ (x) =4 (), then

(676/)|f\{1}><11 : f|{1} X 1] —t (118)
is constant.

This theorem is proved in [Bar].

Let Z be a topological space and v be an open covering of it. For each W € ~ let Jy be an
open covering of the unit interval I. In this case ¥ = {W x J|W € v, J € Jy } is an open covering
of Z x I which is called a stacked covering [Mas].

Lemma 1.6. Let Z be a normal space and let ¥ = {W x J|W € v, J € Jw } be a stacked covering
of Z x I, where = is locally finite and each Jy, W € ~ is finite. If for each W € ~, consider a fixed
real number ay > 0, then there exists a continuous function ¢ : Z — I such that every z € Z
admits a W € « such that

zeW, 0<p(z) <aw. (1.19)

This lemma is proved in [Mas)].
Now according to [Mag] we will formulate and prove the following;:
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Lemma 1.7. Let (p,p’) = {(pxr,p)) } : f — £ be a fiber resolution and let A € A, t: P — P’ be
a continuous map, (@, ¢4), (¥, ¥)) : fx — t be morphisms and (0,0) : f x 11 — ¢ be a fiber
homotopy between (px, ¢\ )o(pa,py) and (¥, ¥4 )o(pr, Py ). Then for every pair (o, ) of coverings
a € Cov(P) and o € Couv (P’), there exist X' > X and a fiber homotopy (A, A’) : f x 1 — ¢
such that

(A, A (ox, ©3) © (Pans D) = (0a, P3) © (Pax s Phar) » (1.20)
((0,0"), (A, A") o (px x 11, Py x 1)) < (a, ). (1.21)

Proof. For the resolution (p,p’) = {(px,p}) } : f — £ and for the morphisms (¢, ¢}), (¥a, ¥4) :
fa — t consider the corresponding homotopy (0,0') : f x 17 — t. i.e.

O (x,0) = papx (), VrelX, (1.22)
o (Xv 1) = ql})\p)\ (l‘) ’ Vz € X, (123)
0" (x',0) = p\p) (2'), Vi’ e X', (1.24)
O (x,1) =¢yp) (2), Va'e X' (1.25)

Let (a,a’) be a pair of coverings a and o of P and P’, respectively. Let (a1,a}) be a star-
refinement of (o, a’). Let use the theorem 1.5 for the ANR-map t : P — P’ and for the pair
(a1,a4), and choose a pair (3, 8’) of coverings 5 and 3’ of P and P’, respectively, such that (3, 8)
is a star-refinement of (a1, «}). Now use the property FR2) for the pair (3, 8’) and choose a pair
(81, 1) of coverings 81 and ] of P and P’, respectively, such that (81, 3;) is a star-refinement of
(8, B") . Therefore, we have

(a,0f) < (ar,a)) <* (B,8) <" (B1, A1) - (1.26)

Let ¢’ be the map t x t : P x P — P’ x P'. Denote by (¢,{’) : f — ¢’ a morphism defined by
C(z) = (oapr () ,¥apa (2)), Vz € X, (1.27)
¢ (@) = (phph (@), P4p) (2)), Vo' € X' (1.28)

Let (n,1),(£,&') : ' — t be the morphisms defined by

nw,y) =y, W) =v1, V (y,51) € PxP, (1.29)
W)=y, & W)=y, V(¥ y)€P xP. (1.30)

In this case we have
(m,1") 2 (¢, ¢") = (pa ¥3) © (px, D) 5 (1.31)
(57 5/) © (Cv C/) = (1/)/\7 ’L/)S\) © (p)up/)\) . (132)

Indeed,

(no¢) (z) =n(eapr (), Vapa (x)) = oapa (2) (1.33)
(' o) (") = 1" (P\p\ (&), 3P (') = Phph (7)), (1.34)

(£0Q) (x) = E(papa (), Yapa (%)) = Yapa (2) (1.35)
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(€0 ¢') (&) = & (AP (), WP (27)) = ¥aph () - (1.36)
On the other hand, by (1.22), (1.23), (1.24) and (1.25) we have
O(x,0)=(no)(x), VrelX, (1.37)
Ox,1)=(£(0()(x), VzelX, (1.38)
O (x,0)=(n o) (), Vi'eX, (1.39)
O(x1)= (0ol (), Va'eX. (1.40)

Therefore, (©,0') : f x 1; — ¢ is a homotopy which connects the morphisms (n,7") o (¢, ()
and (¢, f) (¢,¢’). The map ¢’ is an ANR-map and so by lemma 1.3 there exist an ANR-map
t" . Py — P,, amorphism (0,0") : f — t", (k, ') : t — ¢’ and a fiber homotopy (A, A’) : " x1; — t
such that

(Cv C/) = (Ha H/) © (Ja U/) ) (141)
(A, A) (&8 o (k,w) = (n,1) o (K, K), (1.42)
(©,0") = (A, Ao (0 x 1,07 x 11). (1.43)

Consider the pair (A‘l (61) 7A’_l(ﬁi)) of coverings A~! (1) and A’_l(ﬁi) of spaces P, x I and
PQI x I, respectivelly. For the coverings A~! (31) and A’*l(ﬁi) choose refinements 7 and 5, which
are stacked coverings of Py x I and P, x I, such that 5 < ¢/~! <*~yl> .
By FR1) for the (0,0’) : f — t" and pair (v,7’), there exist a \” > X and a mapping (g,¢’) :
forr — ¢ such that
((0,07), (g,€") o (par, PA)) < (1,7) - (1.44)

Note that for any W € v and W’ € +/, there exist J € Jy and J' € Jy , such that Wx {0} C WxJ,
W’ x {0} C W’ x J'. On the other hand, for W x J and W' x J’, there exist V € 51 and V' € 1,
such that W x J C A=Y (V) and W’ x J' C A~ (V'). Therefore, by (1.42) we have

(mor)(W)=A(W x{0}) CA(W x J)CYV, (1.45)
(oYW =A" (W x{0}) cA" (W xJ)CV". (1.46)
Consequently, by (1.44) we obtain
((m,n') o (k,6") 0 (0,0"), (n,n") o (k,K) o (e,€") o (Par, P)) < (B, B1) - (1.47)
By (1.41) and (1.31) we have
(77’ 77/) o (’iv H/) o (Ja U/) = (777 77/) o (Cu C/) =

(2, 03) © (A, Px) = (2, %) © (Paxr, Pane) © (Par, Pr) - (1.48)
Therefore, (1.47) becomes

((@x, @) © (Par7s Psarr) © (P, D) 5 (') o (K, K") o (g,€") o (parr, D)) < (Br, BY) - (1.49)
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Analogously, we obtain
((ox,93) 0 (Parrs Paar) © (Pars P ) 5 (§,€7) 0 (1, 87) 0 (e,€") o (pavr, Phn)) < (Br, B1) . (1.50)

By choose of (61, ﬁi) and the property FR2), there exists a A’ > A\ such that

(P2, 03) © (Pans D) > (1,1') © (5, ) 0 (€,6") 0 (pan, Panr)) < (B, 5) (1.51)

((1/})\7 WA) © (pAAUp/)\)\’) ’ (57 5/) © (57 ’%,) o (‘57 5/) © (pA/\’vp/)\)\/)) < (5, BI) . (1'52)
On the other hand, by choose of (8, 3") and theorem 1.5, there exist (0417 all) —homotopies

(K K') = (oa, 04) © (Paw, Pha) = (1) © (K, k) o (€,€7) © (panr Panr) » (1.53)

(A A7) = (9, 93) 0 (Pans Paa) = (€,€) o (k) o (g,€") o (pans Pha) - (1.54)

By (1.44), for any t € I the points (o (z),t) and (epy~ (z),t) belong to some member of 4 and
therefore, they belong to A= (V), for some V € 1. In the same way, (0’ (z'),t) and (¢'p}, (') ,t)

belong to A" =1 (V"), for some V' € ;. Consequently, (A, A’) o (J x 17,07 X 11) and (A,A") o
(eo(par x 11),€" o (ph, x 11)) are (61,51) —near and therefore, (8, 5') —near. i.e.

((A7A/) o (U X 1170,1 X 11) ) (A’A,) o (5 o (p/\" X 11) 76/ o (pl)\” X 11)) ) < (/Ba/B,) . (155)

Our aim is to define a homotopy (H,H') : far X 1; — ¢ using the homotopies (K,K’), (A, A’) :
f)\/ x 17 — t and (A7A/) c 7 x 1; — t.

For each W' € 4/, choose a number 0 < ay < % , which is smaller than the Lebegue number
of the covering Jy. In this case, if [t — | < awr, t,t' € I, then there exists J' € Jy, such
that ¢,¢' € J'. Consequently, if 2/ € W' and |t — | < aw, then (2/,t),(2',t') e W x J' € 5" and
therefore, A’ (2/,¢) and A’ (Z/,t") belong to some U’ € 61. Now apply lemma 2.6 and we obtain a
continuous function ¢ : Pln — I such that for every z € PQ/ there is W/ € 4" and

1
zeW', 0<p(z)<awp < 3 (1.56)

Let H: Xy xIHPandH’:X:\, x I — P’ are defined by

K (s r) 0 <t < pt’epriy ()

17 " 11\
H(z,t) ={ A epkfle(x),%m,((‘%), ot"epara () <t <1 — pt"eprra () (1.57)

A (o, i) - 1— pt"epyn(e) <t <1

KI (J:, é) s 0 S t S (pt”é‘/pl)\n)\/ (x/)

’ ‘Ptualp;\// N (=)

Hl(xl, t) = AI (5/])/)\//)\/ (:E/); %m) 5 @t//f/pl)\//)\/ (./L') S t S 1-— SDtN&Jp/)\//A/ (x/) (158)

A (m’ #) : 1—t"e'phy(@) <t <1

T pt”7e’pl ., ()
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Let show that the following diagram is commutative:

x 1
X,\XI#»X;,XI

| |
P — P (1.59)

Consider three different cases:

1. Let x € Xy and 0 <t < ot”eprry (), then
(toH) (2,6) = (to K) (2 ———— ) = (Ko (fr x 1)) (2, ——— ) =
e Totepyin (x) ) Mo Tot'epain (x) )

t
pt""eprin ()

K’ (fx (), ) =H(fx (x),t) = (H o (fx x 11)) (x,1) . (1.60)

2. Let z € X and ot"’epyryn () <t <1 —pt"eprry (), then

1 —t"eprry ()
H f— A 11\ =
(toH) (x,t) = (to A) (ap,\ x (), 1— 20t epary (2)

1 — pt"epyry (z)
A, t” x 1 Y =
(A0 (17 1r)) (Ep V) T ot ep (@)

1 — pt"epyry (2) 1 — pt"epyry (2)
AI t// B\ s = A/ 'l I\ ’ N =
( EPX X (l’) 1— 2<pt”6p)\//)\/ (I) E Py f)\ (SIJ) 1— 2§0t//€p)\//)\/ (I)

ZH/ (f)\/(x),t) = (H/Of)\rxh)(.’)?7t). (161)

3. Let z € Xv and 1— pe'pl,,, (2/) <t <1, then

"ot epan "ot epyi

(tom(e.0) = (to8) (L) = o (fx 1) () =

1—t
T peparn (2)

A(ﬁ@) )zwmwmozwommh»ww. (1.62)

Therefore, the pair (H,H') : fy x 17 — t is a well-defined homotopy between (¢x, ©3) o (@xrr, Piar)

and (1hx,94) o (Yanr, Winn) -
By [Mag] we have that
(O, H o (py x 17)) < o' (1.63)

Therefore, it remains to show that

(©',Ho (py x 1)) < . (1.64)
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So we have to show that for every (z,t) € X x I, there exists a U € a such that
O'(z,t),H (pr(x),t)) € U. (1.65)
Let ot"epy () <t <1 — @t’epyr (z), then by (1.57) and (1.43) we have
O (z,t) = Ao (x),1). (1.66)

H(px (2),1) = A (p (v (@), 11__ zﬁgi/gf}AA/if;/(@A;/(g)))) -

1 —t’epr (x)
A 12 . 1.67
(Ep)‘ (@), 1 —2pt"epyr (x) ( )

By (1.56), for the 2z’ = t"epy~ (x), there is a W’ € 4/ such that

1

2 eW', 0<p"epar (2) < awr < 3 (1.68)

Note that ¢t"eprr (x) <t <1 — pt”"epyr (x) implies that |1 — 2t] < 1 — 2¢t"epy (y) and so

1- (Ptllgpk” (x) "
—_— < t 1" < ’. 1.69
‘ 1 — 2pt"epyr (.23) S PUEPA (:L’) S aw ( )
Therefore, there exists a J' € Jy such that
1 —@t’epr (x)

t"’ 7 )t " R e W' xJ. 1.70
(erre (0),0) (e (0) ol (1.70)

By the choose of 5, for each W’ x J' € 7' there exists a W x J € 7 such that ¢/~ (W' x J') C W x.J
and so

(eprr (2) 1), <st, (z), %) eW x J. (1.71)

On the other hand, for W x J € 7 there is a V; € 31, such that W x J € A=}(V}), and by (1.71)

we have

A(epyr (2),1), A <€p>\~ (), j_;”;%) €. (1.72)

Note that by (1.44) there exists a W7 x J € v such that
o (x),epxr (z) € Wh. (1.73)

Therefore, (o (x),t) and (epy~(x),t) belong to some Wy x J € 7 and so there is a V5 € f;, such
that
Ao (x),t),A(epar (x),1) € Va. (1.74)

Note that (1 is a star-refinement of 8. On the other hand, g is a star-refinement of o and so by
(1.71) there is a U € « such that

Ao (z),t), A (f:‘pw (z), W) evU. (1.75)
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On the other hand, by (1.66) and (1.67) we have
@(:U,t)J‘I(p)\H (x),t) eU. (176)
So, if pt"par(z) < 1 — t”"pyr(x) then (1.64) is fulfilled.

Now consider the case when 0 < ¢ < 1 — @t”py(x) and as before, for the 2’ = epy» (z) € P,
choose W' € o' such that

ZeW', 0<pt’epy () < awr < % (1.77)
In this case |t — 0] < @t"pxv(x) and so there exists J' € Jj;, such that
(t"eprr (x),0) (t"epar (z),t) € W x J'. (1.78)
Since t"~1(y) > 4, there is a W x J € 4 such that
(epar (2),0) (epar (x) ,t) € W x J. (1.79)
Therefore, there exists a V; € (1, such that
A (epar (2),0), A (eprr (z) ,t) € V4. (1.80)
On the other hand, by (1.73) for each ¢t € I there is a W7 x J € 4 such that
Ao (x),t),A(epy (z),t) € Va. (1.81)
Let ¢ = 0, then (1.81) becomes
Ao (x),0),A (eprr (x),0) € Vy. (1.82)

In this case, in the same way as before, because [3; is a star-refinement of 5 and S is a star-refinement
of o, there is a U; € o such that

A (z,0),A (z,t) € Uy. (1.83)

On the other hand, by (1.66) and (1.67) we have that K : Xy» x I — P is an a—homotopy and so
for y = py (x) there is a Us € « such that

K (px (2),0),K (p,\/ (x), M) e Us. (1.84)
By (1.53), (1.34), (1.41), (1.43) we have
K (px (2),0) = (exopan) (pa(2)) = (propy) () = (o) (z) =

(noroo)(x)=(nor)(x)=A(0(r),0) =6(z,0). (1.85)

Furthermore, by (1.56)
t

ot"epyr (x)

K <px (@), ) — H (py (2),1). (1.86)
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Therefore, we have
@(x,O),H(pN (’JJ),t) e U,. (187)

Since o is a star-refinement of «, by (1.83) and (1.87), there is a U € « such that
@(I,O),H(p)\/ (:L’),t) el. (188)

Therefore, (1.64) is fulfilled.
The proof of the last case when 1— pt"epymy (x) < ¢ < 1is analogous to the second case. q.E.D.

Theorem 1.8. Every fiber resolution (p,p’) = {(pr,p}) } : f = fofamap f: X - X' isa
strong fiber expansion of f.

Proof. First, let prove the FS1) property. Let ¢ : P — P’ be an ANR-map and let (p,¢’) : f — t be
a morphism. Consider a pair (a, o) of a € Cov (P) and o € Cov (P’), such that every (o, a)-near
morphism into ¢ is homotopic. By the condition FR1) there exist a A € A and a morphism (¢x, ©}) :
[ — t such that (px, ¢)) o (pr,py) and (¢, ¢’) are (o, a’)-near and consequently, homotopic, i.e.

(¢, ¢") = (@x,€4) © (pr, PA)- (1.89)

Now we will prove the FS2). Let t : P — P’ be an ANR-map, A € A and (¢, ¢'), (¥, ¥') : fx = ¢
be morphisms such that (¢x, ) )o(pa, py) and (P, ¥4) o (pa, py) are connected by a fiber homotopy
(0,0'): fx1; —t. Let (o, ) be a pair of coverings o € Cov (P) and o € Cov (P’). By theorem
1.2 there exist a pair (8, 8') of coverings 5 € Cov (P) and 8’ € Cov (P'), such that each (3, 8’)-near
morphism into ¢ : P — P’ is homotopic. If we use lemma 2.4 for the pair (3, 3’), then we obtain
that there exist a A’ > A and homotopy (H,H’) : f x 1; — ¢ such that

(H,H') : (@x,0)) © (pa, PA) = (¥a, ¥3) © (P, D) (1.90)
((@’ 8) ’ (HvH,) © (p)\ X 1I,p/,\ X 1])) . (191)

Now, if we use theorem 1.2 and instead of map f : X — Y consider the map ¢t : P — P’
and instead of morphisms (gol,wl) , (@2,1/12) : g — f consider the morphisms (©,0’), (H,H’) o
(pa x 11,p)\ x 11) : f x 15 — t, then we obtain that there exists a homotopy which connects given
morphisms. Moreover, restriction of morphisms (0,0’) and (H,H') o (px x 17,p) x 11) on the
submap f X 1g7 : X x 9 — X' x 9I coincides and so the obtained homotopy is a homotopy which
is fixed on the submap f X 1g5 . Q.E.D.

2 Main theorem on strong fiber expansion

Let (¢a, ©)), (¥a,¥y) : frx — ¢ be morphisms as in the SF2). Consider the new morphism
(ox,0%) : fa X 1or — t defined by the following formula:

(ox 133 {01 T A X3/ x0}) = (0x:0%) © (ix, x {0} ix, xg0}) = (Pr.N) 5 (2.1)

(ox1x3 (110 A X3/ x{13) = (a0, 0%) 0 (ix, x (1}, ix,xq11) = (Wa94), (2.2)

where (iXAx{O}aiX;x{O}) : fa X g0y = fa X lpr is an inclusion. In this case, the condition SF2)

can be formulated in the following way:
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If (ox,0%) : fr X 1lo; — t is a morphism and (©,0') : f x 11 — ¢t is a fiber homotopy such that
(@|X><817 GTX’X81> = (97 @/) © (i|X><817 iiX'xB[) =

(ox,03) 0 (pa X Lor, P\ X 1a1) (2.3)
then there exist A’ > X\ and fiber homotopies (A, A") : fy x 1y — tand (I TY) : fa x 1y x 1 — ¢

such that
(A\X’AX:S*I’ATXQ,XBI) = (A,A7) 0 (i|XA><317iTX;,><BI) =

(ox,0%) 0 (Pan X Lor, Py X Lar), (2.4)

and the homotopy (I',I") connects (©,0’) and (A, A’) o (px x 17,p) x 17) and is fixed on the
submap f X 1lg; : X x 17 = X' x 1g;.
Let ¢t : P — P’ be a continuous map and Y be a topological space. Consider the map

t# . C(I,P)— C (I, P (2.5)

which is defined by the formula
t"(h)(y) = (toh)(y). Vhe C(I,P), y €Y. (2.6)
Let f : X — X' be any continuous map and (p, ') : f — t# be any morphism, then we can

define the morphism (@, @l) : f X 1y — t by the following

(@(@.9), ¢ (@) =(p(@) W), ¢ @) (Y), VeeX 2'eX yeY. (2.7)

Analogously, if (1,v’) : f x 1y — ¢ is a morphism, then we can define a morphism (1/;,1/7 ) :
f —t* by

(P@ W), % @) 1) = @@y v @y), YeecX, a'eX,yeY. (2.8)

Theorem 2.1. If (p,p’) = {(pr,P\) } : f — £ is a strong fiber expansion and Y is a compact
Hausdorff space, then (p X 1ly,p’ x 1y) = {(pA X 1y,p:\ X ].y) } : fx1ly — fx1y is also a
strong fiber expansion.

Proof. First, let prove that (p x 1y, p’ x 1y) has the property SF1). Consider any ANR-map
t: P — P' and a morphism (p,¢’) : f — t. Let (¢, ') : f — t¥ is a corresponding morphism.
Since t# is an ANR-map and (p,p’) = {(pr,p}) } : f — f is a strong fiber expansion, and so

has the property SF1), then there exist a A € A and a morphism (px, ©}) : fn — t# and a fiber
homotopy (0,0') : f x 1; — t# such that

O(z,0)=¢(z), O(x,1) =(pro pr)(z), VreX (2.9)

O (z',0) =@ (2'), O (2',1) = (¢} o pi) (z), Vz’'e X' (2.10)
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Let (@ga, @y ) : fx x 1y — t and (@,C:)/) : f x 1y x 17 — t# (note that instead of f x 1y x 17, we

should have f x 1; x 1y, but we use the above mentioned notation) be the morphisms induced by
(px, ©y) and (O, 0), respectively. In this case, we have

(:) (‘Tvya 0) =9 (x,y), (:) (xvyv 1) = (SZ)\ © (p)\ X 1Y)) (xay) ’ (211)
0 (z,9,0)=¢ (z',y), O (¢/,y,1) = (P4 o (P x 1y)) (¢, y). (2.12)

Indeed, -
O (2,9,0) =0 (z,0) (y) = ¢ (2) (y) = P (2,9), (2.13)

ex (pa (@) (y) = @ (pa (2) ) = (Pr o (pa X 1y)) (2,9) (2.14)
(m/7 y,O) =0 (xl>0) (y) = 95/ (xl) (y) = @/ (mla y) ’ (2'15)

0 (¢/,y,1) =0 (2',1) (y) = (ho ) (@) (y) =
eh (A (&) (y) = &' (pa (27) ) = (@) o (P x 1y)) (2", ). (2.16)
Therefore, (@, (:)/> : fx1y x1; — t# is a fiber homotopy which connects the morphisms (@, @} )

fax1ly = tand (@x, @4) o ((pa X 1y, Py x 1y) : fx x 1y — t and the so condition SF1) is fulfilled.
Now, we have to prove the SF2). Let (ox,0%) : (fa X 1y) X lgr — t be a morphism and

(@,9/) :(f x 1y) x 17 — t be a fiber homotopy such that

(@‘Xxyxaj,@]x/xyxaj> = ((7)\,(73\) o (p>\ X 1y X 13[,]7/)\ X ly X 131) . (2.17)
Therefore, we have
9(95,%3) = (0')\ opx X 1Y X 181) (.’E,y,S) =
ox(pa(x),y,s8), Vee X, yeY, se€dl, (2.18)

G)l (xlvyas) = (0'3\ Op//\ X 1Y X 181) ($/7ya5) =
o\ (P (2'),y,s), Va'e X', yeVY, sedl. (2.19)

Consider the morphisms (G, 5%) : fa X 1oy — t# and ((:),C:)l) : f x 17 — t# induced by (o, 0})
and (©,0’). In this case, we have

(é|X><alvéiX’><al) = (5’)\,6'3\) o (p)\ X 13[,])/)\ X 13[). (220)

Indeed,

@(xa S) (y) =0 (x,y,s) =0x (pA (SU) ,y,S) =0a (p)\ (%),S) (y) =
= (6x0(px x 1o1)) (z,8)(y), Vze X, yeY, s€dl, (2.21)
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~ 1

© (2',5)(y) = 0" (a',y,s) = o} () (27) .y, 5) = G4 (P ('), 5) (y) =

= (a0 (p) x 1a1)) (2/,s) (y), Vi'e X', yeY, se€dl. (2.22)

Therefore, by the SF2) for (p,p’), there exist A’ > X and a fiber homotopy (A, A’) : fa x 17 — t#
such that

(A|an,,A|X,X8,) = (5,35 0 (pax X Lor, Phys X Lar). (2.23)

Moreover, there is a fiber homotopy (I, T") : fy x 17 x 17 — t# which connects homotopies (é é/)
(A, A") o (pr x 17,p, x 1) and (T',IV) is fixed on the submap f x 1p; : X x I — X' x OI ,

U (z,t,0) =0 (z,t), I'(2,t,0)=0 (1), (2.24)
L (z,t,1) = A(py (2),1), T'(2',t,0) = A" (Pl (2'),1), (2.25)
U (z,t,s) =T (z,t,1) = O (x,t), Ve e X, tedl, scl, (2.26)
I (2, t,s) =T («/,t,1) =0 (2/,t), Va' € X', t€dl, sel. (2.27)
Let (A,A’) fA/ x 1ly x 17 — t and (I‘ I‘) s fa X 1y x 17 x 17 — t be the morphisms induced

by (A, A’) and (T',I), respectively. In this case, we have
(A\XxYxc’)IaAiX'xYxal) = (o, 0%) 0 (pan X 1y X 1ar, iy % 1y X lor), (2.28)
(1) : (0,0") = (A,A") o (px x 1y x 17, py x 1y x 17) (rel f x 1or). (2.29)

Indeed, B
A(z,y,8) = A(z,8) (y) = (0x 0 pax x Lar) (2,5) (y) =
ax (P (), 8) (y) = oxn (pan (2),y,8) =

(ox opan X 1y x lgr) (z,y,8), VaeX,yeY, sedl, (2.30)

A (xlayvs) =A' (‘rlvs) (y> = (&i\’ Op//\k’ X 16[) (xlas) (y) =

G (P (&) 15) () = o (Pan (27) 0, 8) =
(oh oph\y x 1y x 1g1) (2,y,8), Va' e X',yeY, sedl. (2.31)
Therefore, (2.28) is fulfilled. On the other hand,
[ (z,9,1,0) =T (2,1,0) (y) = O (z,t) (y) = © (x,y,1), (2.32)

[ (2, y,t,0) =T (2/,1,0) (y) = ©
f(%,yﬂf,l) :F({E,t,l)( ) A(p)\/( ) t) (y) :A(p)\/ ($),y7t), (234)
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D (gt ) =T (@61 () = & (py () ,8) () = A (py @) pt) . (2:35)
Therefore, it remains to show that
[ (z,y,t,8) =T (z,y,t,1) =O (z,y,t), Ve e X,ycY, t€ol,scl, (2.36)
T (2, y,t,8) = T (', y,t,1) =0"(2,y,t), V' e X',yeY, tedl, sel, (2.37)
which are followed by (2.26) and (2.27). Q.E.D.

Definition 2.2. Let (p,¢’) : f — g be a morphism. We will say that (¢, ¢') is a fiber cofibration
if for each fiber homotopy (0,0’) : f x 1 — g and a morphism (¢, ') : ¢ — ¢ for which

(6|X><{O}a @\/X/X{OO = (0,0") o (ixx{o},ix'xf0}) = (¥, ¥') o (p,¢'), (2.38)

there exists a fiber homotopy (A, A’) : g x 11 — ¢ such that
(A|Y><{O}7A/\Y/><{o}> = (A, A%) o (iy xfoys iy xqoy) = (¥, ¢), (2.39)

(A, Ao (px 15,4 x17) = (©,0). (2.40)

Lemma 2.3. If for a morphism (p,¢') : f = gthemaps p: X =Y, ¢ : X' Y g: YV > Y’
and ig : B — Y’ where B = ¢/ (X')U g (Y) are cofibrations, then the morphism (¢, ¢') is a fiber
cofibration.

Proof. Consider a morphism (¢,¢') : f — ¢ and a fiber homotopy (©,0’) : f x 1; — t for
which (2.37) is fulfilled. By our assumption, the continuous map ¢ : X — Y is a cofibration and
O : X x I — P is a homotopy such that

Oxx{o} =V 0. (2.41)

Therefore, there exists a homotopy A : Y x I — P such that
Ay xfoy = ¥, (2.42)
Ao(px1y)=6. (2.43)

Let A1 : Y x I — P’ be the map given by
Ap =toA. (2.44)
In this case, we have
Ajjy gy =top=1v"og. (2.45)

On the other hand, g : Y — Y” is a cofibration and so there exists a homotopy A} : Y’ x I — P’
such that

/

A1|Y’><{O} = 1/)/7 (246)

Ajo(gx 1) =A. (2.47)
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In the same way, for the maps ¢’ : X/ — Y’ ¢’ : Y’ — P’ and the homotopy A’ : X’ x [ — P’ we
have a homotopy A; : Y’ x I — P’ such that

1"

Al yixgoy = v, (2.48)

A o(¢ x1;) =6 (2.49)
Let A= (¢ 0 f)(X)=(gop)(X)CY and Ax I CY'xI. Ouraim is to show that A}, =
A;‘AX]. Indeed, for each a € A there exists an z € X such that g (¢ (z)) = ¢’ (f (z)) = a and so

’

A (a,t) = Ay (g (9 (2),6) = (AT 0 (g x 1)) (¢ (2),8) = A1 (p (@) 1) =
(toA) (¢ (@),0) = (Lo Ao (p x 1) (,8) = (Ao (¢ x 1) (w,6)) =
HO (2,1) = (t0 8) (,8) = (8 o (f x 11)) (w,) = O/ ( (&) ,£) =

(A7 e @ x10)) (@)= (] 0 (¢ x 1) o (f x 1)) (@,) =

AL (f (@), 1) = A (ayt). (2.50)

Let B= ¢ (X")Ug(Y)CY’ and Ay : B x I — P’ is given by
A, — A}/(b,t), z.begEY)/ (2.51)

A1 (b7t)7 ZbeQO (X)

By (2.49) it is clear that Ag is well defined. On the other hand, ¢’ : Y’ — P’ is a continuous map
and Ay : B x I — P’ is a homotopy such that

Agipxioy =¥ 0ip. (2.52)
By our assumption, ig : B — Y’ is a cofibration and so there exists a A’ : Y/ x I — P’ such that
Aoy =¥ (2.53)
Aolipg x 1) = As. (2.54)

By (2.48), (2.49), (2.51) and (2.54) we have
Ao(p x1)=0". (2.55)

Now we will show that a pair (A, A’) is a morphism from g x 17 to ¢. For this aim we must
show that the following diagram is commutative

gx1y
YxI——1 syyx1
t

P P (2.56)
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By (2.51), (2.54), (2.46) and (2.43) we have

(A0 (g x15)) (y,t) = A (g (y) ,t) = (Ao (i x 11)) (g (y) ,t) =

’

Dz (g (), t) = A1 (9(w),6) = (A1 o (9% 11) (4,t) =
So we obtain the fiber homotopy (A, A’) : g x1; — ¢ for which (2.38) and (2.39) are fulfilled. q.e.p.

Lemma 2.4. For any continuous map f: X — X’ and any positive integer n € N, the morphism
(1x X igrn,1x X igm): f X lg;n — f x 1= is a fiber cofibration.

Proof. Let (,v¢') : f x1» — ¢ be a morphism and (0,0") : f x 1g;n X 172 — t be a fiber homotopy
such that

(®|X><3["><{0}79\/X’><81"><{0}) = (,9") o (1x X igrn, 1x/ X iorn). (2.58)

Let A=1"x{o}U(0I™" x I), A=1I"xI and r : B — A be a corresponding retraction. Consider
mappings A : X x A — P and Ay : X' x A — P’ which are given by

| ©(z,e,t), if ec O™
Al(w’e’t)‘{ b, et), if t=0, (2:59)
b | O (@ et), if ec Ol
Ay (e, t) = { W (x',e,t), if t =0. (2.60)

By (2.58) the mappings A; and A are well defined. Let show that the pair (Al, A/l) is a morphism
from f x 14 to t. Consider the following cases:

1. If e € OI™, then
(toAq)(z,e,t) = (toO)(x,e,t) =0"(f(x),et) =

AL @) et) = (Ao (f x 14)) (z.e,8). (2.61)
2. If t = 0, then
(toAr)(z,e,0) = (toy) (v,e,0) =" (f (2),e,0) =
AL (f (2),6,0) = (A1 o (f x 14)) (@,¢,0). (2.62)
Let A: X x I" x I — P and A’ : X’ x I" x I — P’ be the mappings defined by
Az, e,t) = Ay (2,7 (e, 1)), (2.63)
A (2 e t) = AL (2,7 (e,1)). (2.64)

It is clear that (A, A’) is a morphism from f x 1; x 17 to ¢. So it remains to show that

(A\XXI"X{O}aAiX/xI"x{O}) = (¢»¢/)a (265)
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(@,@/) = (A,A,) o (IX X i{ﬂn X 1[, IX/ X ia]n X 1[). (266)
Indeed, by (2.63), (2.59), (2.64) and (2.60) we have

A(z,e,0) = Aq (z,7(e,0)) = Ay (x,e,0) =9 (x,€), (2.67)

/ /

A (2,e,0) = Ay (2,7 (e,0)) = A, (2/,e,0) =9 (', ¢). (2.68)

Therefore, (2.65) is fulfilled.
To prove (2.66), consider any (x,e,t) € X x 9I"™ x I and (2/,e,t) € X' x 0I™ x I. By (2.63),
(2.59), (2.64) and (2.60) we have

(Ao (1x Xigrn X 11)) (z,e,t) = A(x, e, t) = Ay (z,7 (e, 1)) =

Aq(z,e,t) = O(x,e,t). (2.69)

(Ao (1x: xigm x 17)) (2, e,t) = A (2, e, t) = A} (¢, (e,t)) =
A (e t) =0 (2, e,t). (2.70)
Q.E.D.

Theorem 2.5. For every strong fiber expansion (p,p’) : f — f,iffor A € A, (ox,04) : faxlgr =t
is a morphism and (0,0’) : f x 172 — ¢ is a fiber homotopy such that

(@\anl%ep(/xaﬂ) =(0,0') o (ixxarzix xor) =

(ox,0%) 0 (pa X 1arz, P\ X 1or2), (2.71)

then there exist a A’ > X and fiber homotopies (A, A’) : fy x1;2 = tand (T, 1) : fax1px1; = ¢
such that

’

/ . .
(A‘XA’X8127A|X;,><8I2> = (AaA ) © (ZXA/XBI%ZX;,Xap) =

(ox,0%) 0 (Pan X Lar, Py X Lar) (2.72)

and the homotopy (I',I) connects (0,0") and (A, A’) o (px X 1;2,p) x 172) and is fixed on the
submap f X lgr2 : X x 1gr2 = X' x 1gp2.

Proof. Consider any morphism (o, 0%) : fa X 1gr2 — t and a fiber homotopy (©,0) : f X 1;2 — ¢
such that (2.71) is fulfilled. By theorem 2.1 the (P x 1y2 : P/ X 1j2) : f x 1j2 — £ X 12 is a strong

fiber expansion and so by the SF1), there exist a A” > X, a morphism (Ah All) s far X 1oz — t
and a fiber homotopy (Fl,Fll) X1l x1p —t

(Fl‘XXIZX{O}vFII‘X/XI2><{O}) = (Al,A/1> (¢} (p)\u X 1]2,pl)\/, X 1]2), (273)

<F1|X><I2><{1}7Fl1|X/><12><{1}) =(0,0). (2.74)
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Consider the morphism <1Xw X igrz, 1y X imz) s for X 1grz = foarr X 172, In this case the fiber
)\//
homotopy
(FQ,F’Q> - (Fl,r’l) o (1x X dgrz X 15, 1xs X dgrz X 15) (2.75)

connects the following morphisms
((AhA;) o <1X>\” X iajz, 1X’ X ialz)) o (p)\u X 13[27]7/)\” X 13]2) : f X 13[2 — t, (276)
A

((0’)\,0’3\) o (p)\AH X 1312,]9//\)\” X 1312)) o (par X 13[27;0//\” X lorz) @ f X 1gpz — t. (2.77)

On the other hand, by theorem 2.1 the morphism (p X g2, p’ X 1gr2) = {(pa X Loz, Py X lorz)} :
f x1grz — £ X 1gp2 is an expansion and so by the SF2), there exist A’ > X" and a fiber homotopy
(K,K/) : fA/ X 1lgrz X 17 — ¢t such that

/
(K|Xx’><612><{0} K |X/>\’><812><{0}> -

((Al,All) o <1X>\// X 7:6[271)(;” X i512)> o (p)\// X 1612,]);// X 13]2) s (278)

/
(F|waaz2><(1}’r ‘X/A’x012><{1}) -
((O’)\,O'S\) o (p)\,\// X 1312,p/>\)\// X 13[2)) @) (p)\// X 1512,])1)\// X 13[2), (2.79)

(K,K/) o (px X lyrz X 1[,p/>\/ X lgrz X 1) p & (F,F/) (rel fx1gr X 1o1). (2.80)

By lemma 2.4 the morphism (IXA, X igr2, 1y X i8[2) s v x1gr2 — foar X 172 is a fiber cofibration.
A/
On the other hand, by (2.79) we have

(K|XA’><6[2X{O}7K|X;,><812><{0}) =
((AlaA;) ° (1XW X igrz, 1y X iaﬂ)) o (par X Loz, phv X 1gp2) =
)\/I

((Al,All) o (parx X lalz,p/)\u)\/ X 1312)) o (1X>\/ X 1972, 1X;, X i@p) . (2.81)

Therefore, for the fiber homotopy (K,K’) : fy X lgrz x 15 — t there exists a fiber homotopy
(Kl,K’l> : for X 12 X 17 — ¢ such that

(Kllxx’><I2><{0}’K/1|X/>\/><12><{0}) = (AlvAl) o (p)\//)\/ X 1[2,]9/)\//)\/ X 1]2)7 (282)

(K,K') = (Kl,K’l) o (lxy Xigr X 11, 1yr X igre X 1,) . (2.83)

Let (A, A”): fxr X 172 — t be a morphism defined by

(A,A’) = (K1|XA’X12X{1}’KI1|X;,><I2><{1}) . (2.84)
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In this case, by (2.80), (2.84) and (2.85) we have
(A,A ) o (1){)\, X 1912, 1X’, X 1'812) = (AXA’X312’A|X' ><812}> =
A ,\’

<K1|XVx12x{1}vK,1|X;,x12><{1}> = (ox,0%) 0 (Pan X Loz, P\ X Llor2). (2.85)

Therefore, (2.72) is fulfilled.
By (2.81) there is a fiber homotopy (A, A’) : f X 152 x 15 X 1; — t such that

(A|xwmzx{o}vA]X/xazzm{()}) — (K, K') o (px X Loz X 11, phs % Logz x 17, (2.86)
(A\anﬂx]x{l}aA|X/><312><1><{1}) = (F27F2>7 (2-87)
(A|X><812><81><{t}7A\X’><812><8[><{t}> = (A\XXBIQXGIX{O}vA\X/x312><6[><{0}) ' (2.88)

Let (M,M’) : f X 1553 X 1 — t be a morphism defined by

A(z,u,v,t,8), if (u,v) € OI?

M (z,,u,v,s,t) =4 Ki(pr(2),u,v,t), ifs=0 (2.89)
T (z,u,v,t), if s=1,
N (2, u,v,t,8), if (u,v) € OI?

M’ (x',,u, v, s, t) = Kll (pl)\’ (‘T/) Iz ’U,t), Zf s=0 (290)
IV (2, u,v,t), if s=1.

Note that by (2.76), (2.87) and (2.88) the mappings M and M’ are well defined. Let (Ag,A;) :
f x 153 — t be a morphism defined by

Ay (x, u,v, 5) = A (pA” (:,C) ) u,v) ) (2‘91)
AIQ (@' u,v,8) = A/l P\ (@), u,v). (2.92)

On the other hand,
(M|X><813><{0}vM/\X’x613><{0}> = (A27A/2) e} (IX X 13[3, lX X 13[3) . (2.93)

Indeed, let t = 0 and consider three cases:
1. If (u,v) € 812, then

(M (x, ,u,v,s,0), M (2, ,u,v,5,0)) = (A (x,u,v,0,5), A (z',u,v,0,5)) =

(A (2,u,v,0,0), A" (2", 4,0,0,0)) = (K (px () ,u,0,0), K (py (2') ,u,v,0)) =

(A1 (par (), u,v) ,A/l (P (2, u,v)) = (A2 (z,u,v,s) ,A; (2, u,v, s)) . (2.94)
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2. If s = 0, then

(M (x,,u,v,0,0), M (z',,u,v,0,0)) = (K (pr~ (), u,v,0), K" (p\ (') ,u,v,0)) =

’

(A1 (par (), u,v), Ay (p:\,, (2, u, v)) = (Ag (z,u,v,0), A, (x’,u,v,O)) ) (2.95)
3. If s =1, then

(M (@, 0,,1,0), M (@', 0,0, 1,0)) = (A1 (@, u,0,0), 45 (', u,,0)) =

(A1 (par (), u,v), A,l (P (2, u,v)) = (Ag (x,u,v,1) 7A/2 (2, u,v, 1)) ) (2.96)

By lemma 2.4 the morphism (1x X ig73, 1x/ X igrs) : f X lgrs — f X 13 is a fiber cofibration and
so by (2.94) there exists a fiber homotopy (N,N’) : f x 1;3 x 17 — ¢ such that

(N|X><813><{0}7NIX’><8[3><{0}) = (AQ,A2) ) (2.97)
(M,M/) = (N,N/) o (]-X X 1grs X 17, 1x X 1lgps X 1[). (298)

Let (T, T) : fx x 173 — t be morphisms defined by
I' (z,u,v,8) = N (z,u,v,s,1), (2.99)

I (2, u,v,8) =N (z,u,v,8,1). (2.100)
Now we will show that for the fiber homotopy (I',I") the (2.71) and (2.72) are fulfilled. Indeed,

(F (x7 ) ’U;’ U’ 0) 7F/ ('r/’ 7u7 U7 O)) = (N (x7 u7 U? 0’ 1) ’N/ (m/’ u’ U’ 07 1)) =

<K1 (o (@), w0,1), K, (P (), u, v, 1)) = (A (py (2), u,0), A (P (2), u,v)) =

(Ao (px x 113)) (z, u,v), (A" o (P, x 113)) (2, u,v)), (2.101)

(T (z,,u,v,1), T (2, ,u,v,1)) = (N (z,u,v,1,1) ,N' (', u,v,1,1)) =
(M (z,,u,v,1,1), M (', ,u,v,1,1)) = (© (z, u,v),0" (2, u,v)). (2.102)
Moreover, if (u,v) € 012, then
(T (z,,u,v,t), T (2',,u,v,t)) = (N (2,u,v,t, 1), N (2',u,v,t,1)) =
(M (x’ 7u7v7t’ 1) 7M/ (z/’ 7u7v7t’ 1)) = (A (I7 7u7v7 17 0) K A/ (x/77u’ Il}’ 170)) * (2'103)

Therefore, (T (z,,u,v,t),I" (2',,u,v,t)) do not depend on t whenewer (u,v) € dI°. Q.E.D.
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3 Strong fiber shape category

Let Morcm be the category of continuous maps of compact metric spaces. By theorem 3.11
of [Bay], for each f € Morcm there exist the inverse sequences X = {X,,pnnt1, N}, X' =

{X/ 7p/n’nH,N} and a system f = {f,,, 15} : X = X’ such that:

1. X =1limX, X =limX’, f =limf;
— — —
2. X, and X;l are compact ANR-spaces;

3. {phtof ={fn,In}o{pn}, where p = {p,} : X - X and q = {¢,} : X’ — X’ are the inverse
limits of X and X', respectively.

On the other hand, by [Bay|, any inverse limit in the category Morcym is a resolution and so
each continuous map f € Morcym admits a compact ANR-resolution (p,p’) : f — £, where
is an inverse sequence of compact ANR-maps. By this fact, in this section we will construct the
category CH(tow — Morcn) of inverse sequences of continuous maps of compact metric spaces
and coherent homotopy classes of coherent mappings of inverse sequences.

Let f = {fm (Prnt1>Prngt) 7N} and g = {gm, (@mm+1Tyns1) ,N} be inverse sequences in

the category Morcm. The system (@, ¢") = {(¢m: 9hn) s (Pmomt1s Opmir) s} 2 £ — g is
called a coherent morphism, if ¢ : N — N is an increasing function, (¢m,¢},) : fo(m) — 9gm and

(gommﬂ_l, ¢§n7m+1) : fo(m+1) X 11 = gm are morphisms such that
(@m,m—i—l (.I‘, O) 7%0;n,m+1 (xlvo)) = (SOWL (pgo(m),go(m+1) (1‘)) 7<P;n (p:a(m),go(m-‘rl) (xl))) ) (31)

(‘pm,m+1 (JZ, 1) 790;n,m+1 (lJ? 1)) = (qm,m—i-l (@'m-&-l (Jf)) 7q';n,m+1 (410;)1-1-1 (J)/))) . (32)

Let (@, "), (¥,¢’) : f — g be two coherent morphisms. We will say that they are coherent
homotopic if there exists a coherent morphism

’

(©,0') = {(@m, @’m) , (@m,mﬂ, @mmﬂ) ,@} fxl g (3.3)

such that © (m) > ¢ (m), ¢ (m) for each m € N and the following is fulfilled

’

(Ot (2,0),000 1 (,0)) = (0 (Potmy.00m @) e (Moo @) (3:4)

(01 (1), 8 (0,1)) = (¥in (.00 @) ¥ (Pomym @)}, (35)
(@m,m+1 (z,s,0), @lm,m+1 (, s,O)) _

(€ (Potm.o0mi) (@) :5) O3 (P sy @) 5) ) - (3.6)

(@m,7n+1 (xv S, 1) ) Gim,'m—i-l (33, S, 1)) =
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’

(mams1 O @)18) G s (Ornsr (@) 15) ) (3.7)

’

(Ot (2,0,8),0) 1 (,0,1)) =

(Sﬂm,mﬂ (Po(m1),0m+1) (2) 5) s @it (Pogman).omen) (@) 7’5)) ; (3.8)

(@m,m—i-l (x, 1, t) > G;n,m—i-l (.73, 1, t)) =

(wm,m—l-l (pw(nz+1),®(7n+l) (:17) 7t) aqp;n,m—i-l (pij)(m+1),®(m+1) (SC/) 7t)) . (39)

In this case, we will use the notation (@, ®’) : (¢, ¢’) = (1, ¥’).

Let [(¢, ¢’)] be the equivalent class of the coherent morphism (¢, ¢’). Denote the category
of all inverse sequences of continuous maps of compact metric spaces and coherent homotopy classes
[(p,¢’)] of a coherent morphisms (¢, ¢’) by CH (tow — Morcwm). Let CH (tow — Morang)
be the full subcategory of the category CH (tow — Morcm), the objects of which are inverse
sequences of ANR-maps.

Theorem 3.1. If (p,p’) = {(pr,p4) } : f — f is a strong fiber ANR-expansion of a continuous
map f : X — X’ of compact metric spaces, then for each coherent morphism (@, ¢’) : f — g,
where g € CH (tow — Morangr), there exists a coherent morphism (¥, ¥’) : f — g such that
(e, ¢’) is a coherent homotopic to (¥, ®’) o (p,p’).

Proof. Consider any index m € N and the corresponding morphisms (¢, ©l,) : f — gm. By the
property SF1) of (p,p’) : f — f there exist ¢ (m) € N and morphisms (1/~Jm, 1/~J§n) * f§(m) —* gm such
that (©m,¢h,) = ('sz,qz)/m) o <pqzj(m),p;~)(m)). Let (@m,@lm) : f x 17 = gm be a corresponding
homotopy, i.e.

(O (2.0),0,, (",0)) = (g () .}, (). (3.10)

’

(O (2.1),05, (') = (@m (P ) @)+ ( ) (). (3.11)

Consider the homotopies (@m,G);n ) , (@m+176;n+1 ) , (gam7m+1,<p;n}m+1) s fx 1 = gm. Let

/

<Fm7m+1,Fm7m+1) . f x 1y X 1 — g be a morphism defined by

@m(x,t),@;n(x’,t)) ifs=0

G101 (@ 1), G 1 O (@78)) s = 1.
(3.12)

(Fm,m+1 (I7 S t)a 1_\m,m,—}—l (‘Tlﬂ 5, t)) =

In this case, by (3.10), (3.11), (3.1) and (3.2) we have

’

_ /
Fm,m-{-l‘x/x[ﬂx{o}) - (‘P7n7m+1|anlx{o}v‘pm,m+1|X/xalx{0}> )

(Fm77”+1|X><81><{0} ; (3.13)
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On the other hand, (1x X ig7,1x/ X ig7) : f x 1lgr — f x 11 is a fiber cofibration and so there exists

a fiber homotopy (fmm_H,F ) : f x 17 x 17 — gy, such that

m,m-+1
(fm7m+1|XX3]X{O}7 1:‘m,m—‘rllX/ x 81 x {0}) = (@m’erlv 90/m,m+1) (3‘14)
(meﬂ,F;n’mH ) = (fm,m+1; f‘;mm-i-l ) (¢] (1)( X i@], 1X’ X iaj) . (315)

Note that by (3.15), (3.12) and (3.11),

(me+1(as0 1), T s (2,0, 1) ( ot (2,0,1), T (x’,(),l)):

(O (@.1),05, @ 1) = (P (Py) @) 00 ( Pi)) (). (3.16)
(Fm i (2, 1,1), T x,l,l)) ( it (2, 1,1), T @;',1,1)) -
(@mm+1Omi1 (@,1) 160 i1 Orr (051)) =
((amoms1 0Bt 0030 ) @) (Gpss © Dt © Pl ) (@) - (3.17)
Let (@mmt1s Bmy1) : f X 11 = gm be a morphism given by

(et @), G s (@10) ) = (Pt (2:51) T s (@11,1)) (3.18)

Consider n = max (1/; (m), ¢ (m + 1)) and define a morphism (o,,0.,) : fn X 11 = gm by the

following formula
(o0 (T, 8,t) 00, (2, 8,1)) =

G 85,00 @) (0wl @))), i t=0

" (st © G Opd-)m(m)(x)) (s © P s Opﬁz;;n(m)(z')» T (3.19)
In this case, by (3.18), (3.19), (3.16) and (3.17), it is clear that
<¢m’7”+1|x><8]’95/mm1+1|X’><8[> =
(Pmm1s Prmgr) © (Ix X dgr, 1y X iar) =
(0n,00,) - (Pn X ia1, Dy, X ia1) - (3.20)

Therefore, by the property SF2) of (p,p’) : f — f, there exist n’ € N, which will be denoted by
w (m,m+ 1), and (wm,m+1,7/}m7m+1) : fd;(m_’mﬂ) X 17 = g such that

~ ~ .
wm,m-&-l 7/} 1) 1X X 191 1 . X191 | =
( » m,m—+ P (m,m+1) ’ X'w(m,m+1)
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(00 74) © (P mm1) X 901 By iy ¥ 107 (3.21)
(@m,m—&-l;@m,m-{-l) = (JJm,m+17'J)m,m+1) : (pd;(m,erl)’piZJ(m,erl)) (Tel {f X 131}) . (322)
Let vp (m,m+1) = max {z/; (n,n+ 1)}, then ¢ : N — N will be an increasing function. Define

the morphisms (wmﬂ//;n> : fym) X 11 = gm and (¢m,m+1,w,/n7m+1> : fy@m+1) X 11 — gm by the
following way

’ - -~ ~/ B ’
(¢M7¢m) - (¢ma¢m) o (pw(m),w(m)’pw(m),w(m)) I (323)
(1/’m,m+1,¢m,m+1) = (7/’m7m+1»¢m,m+1) ° <P1L<m,m+1),w(m+1) X 10 B o me1) (et 1) % 11) '
(3.24)

By (3.23), (3.21), (3.19) and (3.23),

(¢m,m+1 (,0) ¥y i1 (@ 0)) -

((émvm“ ° (%(mmﬂw(mﬂ) x 11)) (,0), (%,mﬂ ° (pimm,mﬂ),w(mﬂ) x 11)) (”3"0)) =

/

((”" ° (pn,@(m,mﬂ) x 11) ° (%(m,m+1>,w<m+1> * 11)) (. 0, ("" ° (”;Wm,mﬂ) x 11) ° (piﬁ<m,m+1),w<m+1) x 11) “”I’O))) =

(Un (Pn,w(m+1) () »0) 707/1 (p;mlz(erl) (x’) »0) ) =
((&m Opl/;(m),n) (pn,w(mﬂ) (55)) ) (1/;;1 OP;;,(m),n) (pil,w(mﬂ) (37/)) ) =
(% 0 2asmen) @) (P © Py ) @) ) =

(@m °p¢<m>,w<m>) (Puim).vemen (7)) (% °p§z<m>,w<m>) (me)»w(mH) ("”/))) -

(o Gomy w1y @) ¥ (s wiomsny (@) ) - (325)
(wm,mﬂ (@,1) s Yy (2 1)) =
((zﬁm,mﬂ © (P¢<m,m+1>,w<m+1> x 11)) (1), (%,mﬂ ° (pimm,mm,w(mm x 1’)) (z", 1)) -
((”" ° (pm«l<m,m+1> % 11) ° (”«L<m,m+1>,w<m+1> % 11)) @1, (“5 ° (piw(mmwl) % 11) ° (”izi(m,mn,w(mn x 11)) (=" 1)) =
(Un (pn,w(m+1) (), 1) N (p/nﬂl)(m+l) (=), 1) ) =
((qm,m+1 0 Yrmt1 Opu:(m-ﬁ—l),n) (pn,w(m+1) (ff)) ) (qvln,erl °© 1[};71+1 Opiz(m-',-l),n) (p;hw(erl) (x/)) ) =

((qm’m“ © Y1 O%(m),w<m+1>) (2,0), (q;ﬂxm“ © U1 °piz3<m>,w<m+1>) (+',0) ) -
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(@nams1 © Y1) @,0), (G ss 0 ¥ ) (@0) ). (3.20)

Therefore, we construct the system (¥, ¥’) = {(¢77L7¢;n> , (7/1m,m+1,1/);n,m+1,)} : f — g which
satisfies the following conditions:

(wm,m+1 (LU, 0) 71/}7/71,m+1 ({L‘/, O)) = ((djm Opw(m),w(m+1)) (LL') ) (w;n : pf(/;(m),w(erl)) (LL'/) ) ) (327)

("/Jm,m+1 (z,1), w;n,erl (m/’ 1)) = ((qm,m+1 ° Ymy1) (), (qv/n,erl : 1/)7/71+1> (l‘/) ) . (3.28)

So (¥, ¥’) is a coherent morphism.
Let show that the morphism (¢, ¢’) is a coherent homotopic to (v, ') o (p,p’). For this we
should construct a system

/

(©,0') = {(@W@;n) : (@m,m+1, @mmﬂ) ,@} fx1log

such that

(Om (@,0),00, (',0)) = (¢m (@), ¢ (@) (3.29)
(O (2,1).0,, @, 1)) = (¥m (Pucmy @) 8 (P () ) (3.30)
(Ommt1 (2,5,0),6, 111 (2.5,0)) = (O (2,5),0), («',5)) (3.31)

(©m s (.5.1) .0 sy (25.1)) =
(o1 @1 (@) 1) st s (i (@)5)) (3.2)
(Ot (@.0,6) .0 s (,0.8) = (Ponnts (@:8), Pl (@1)) (3.33)

(Ommt1 (#,1,8), 0,41 (2, 1,8)) =
(a1 Pocmsn) @)28) Vi (Pogmsny (@) 1)) (3.34)

Note that for each n € N we have defined a morphism (@m, @;n ) i f x 15 = gm and by (3.10),
(3.11) and (3.23),

(O (2,0),0), (@.0)) = (pm (1) . ¢}, (), (3.35)
(O @.1), 0}, @) = (S i) @) (P Py ) () =
(P~ 2oy ) @ @) (P sy oy ) (P @) ) =
(@ - Do) @) (- Py ) (@) - (3.36)
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/

So it remains to construct a morphism (@m+1, ST ) : f x1; x 17 — gm,- Consider a homotopy

(A,,LH,A;R " ) . fx 17 x 17 — g which realizes (3.22), i.e
(Am (:,C, S, 0) 7Alm (xlv S, 0)) = (@m,m+1 (CL‘, S) ) 95/m,m+1 (xl7 S)) ) (337)
(Am (z,s,1), A/m (', s, 1)) =

(Dt Pty @ 5) B (P gy @) 15) ) - (3.39)
(Am (z,s,t),A,, (m’,s,t)) = (A (z,5,0),A (2,5 O)) vV sedl. (3.39)

Let ((:)erl,(:);n+1 ) : fx 1y X 17 — gy, is given by the formula:

(ém+1 (z,s,t), (;);nJrl (2, s,t)) _

I /\

_ {(Fm,m+1 (,8,28), T, i ($I7t728)) ’ f01 2 (3.40)
= <1
2

(A1 (2,825 — 1), Ay g (2/,8,25 = 1)), if

By (3.18) and (3.37) the morphism (ém+17é;71+1) is well defined. On the other hand, by

2s
< 2s

(1.38) for each z € X and z’ € X’ the homotopies Oy and (:)lm_s_1 are constant on the subspaces
{a} x {0} x [3;1], {z} x {1} x [3;1] and {2’} x {0} x [1;1], {x} x {0} x [$; 1], respectively. Consider
the quotient space Z of I x I, where {0} x [$;1] and {1} x [$;1] are identified with the points (0, )
and ( , 2), respectively. In this case, there exists a morphism @m,mH, é;n,7rt+1> fx1lz = gm
such that

(ém,erlvélm,erl ) = (ém,valv(:);n,erl) o (1X xq, 1x X Q)v (3'41)
where g : I X I — Z is the quotient map. Let k: I x I — Z be a homeomorphism such that
s
k(5,0)=q(3.0). (3.42)
s
k(s,1)=(0,t), (3.44)
k(s,1) =(0,t). (3.45)

/

Let (@m)m_i'_]_, e ) : f X1z = gm be a morphism given by

m,m—+1

/

(@m,m+1 (,5,), 00 s (m’,s,t)) - (@mm+1 (K (5,)), O i (:c’,k(s,t))). (3.46)

In this case, by (3.46), (3.42), (3.43), (3.41), (3.40) and (3.12),

(©mams1 (@,5,0), 00 i (@5,0)) = (Bt (K (5,0)), 6, 1y (2, (5,0))) =
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(St (0 (30)) s (0 (3:0))) = (B (5:0) Bl (+.50)) -

’

(fm,m+1 (@,0,8), T it (21,0, s)) - (@m (z,5),0., (a', s)) , (3.47)

(@m,mﬂ (,5,1), 00, i (@5, 1)) — (é,mn+1 (@,k (5,1)), O psr (@ K (5, 1))) _

(Omnes (0 (31)) s (0 (31))) = (B (5:0) Bl (. 51) ) -
(Pt (21,8), Pl s (01,9)) = (@rmns * Onst) (25), (Gmamy O (#',5)) . (3.48)

On the other hand, by (3.46), (3.44), (3.45), (3.41), (3.13) and (3.38),
(Ot (2,0,6),00 i1 (,0,6)) = (O (@5 (0,6)) 6,1 ('K (0,8))) =

—/

(ém,m+1 (@,0,), 0 it (x',o,t)) — (ém,m1 (@,0,), 0, iy (@, O,t)) -

(Bt (@40 Ty (014,0)) = (Prmans (@5) @l s (59)) (3.49)

(Ommr1 (1,8, 0,1 (@ 1,8)) = (Ot (2K (1,8)), 6, 1 ('K (1,1))) =

(Gt (@18, 00 @ 1,8)) = (Gt (2.1,8), 6}y (@11,8)) =

(Am,erl (z,t,1), A'/m,,m+1 (IL‘/, t 1)) = (¢m1m+1 (pﬂ(m,m-i-l) (z) ’S) ﬂzm,erl (pq[;(m,m+1) (x/) ’8)) -

/

((1;’"”"*1 ° (%(m,mﬂm,w(mﬂ) x 11) (P (mt1) @, S)) ' (@m»mﬂ ° (”rl«l(m,wrl)-,w(m+1) x ”)) (Pl mt1) @), S)) -

(Yt Pom i (@):5) s Vir (Pogmsny (@):5) ) (3.50)
Therefore, (0,07) : (p,¢’) = (Y, ¥") - (p,p’). Q.E.D.

Theorem 3.2. If (p,p’) = {(pA,p;\) } : f — f is a strong fiber ANR-expansion of a continuous

map f : X — X' of compact metric spaces, (p,9’) : f — g is a coherent morphism, where
g € CH (tow — Morcn) and (\Ill, \Il'l), (\112, \Il'z) : f — g are coherent morphisms such that
(¢, ¢’) is coherent homotopic to (¥1, ¥}) o (p,p’) and (P2, ¥}) o (p,p’), then the morphisms
(\Ill, \Il'l) and (\112, \Il'z) are coherent homotopic.

Proof. Let
(@1, @’1) - {(@}n,@;;) , (@}n,mﬂ, @;;,Ml) ,@}, (3.51)

and

(@2, @'2) - {(@;793) : (efn,mﬂ, @27m+1) ,@}7 (3.52)
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are the corresponding coherent homotopies. For each index m € N consider the morphisms
(@1 e} ) (@2 0?2 ) : f x 11 = gpm. By definition, in this case we have

(05 (2.0), 0,1 ,0)) = (g () . (), (3.53)
(6% (1), 00 (@, 1)) = (¢1 (Pus ) @) ¥ (s ) (@) - (3.54)
(62 .0, 022 (2/,0)) = (¢ () . ¢l (=) (3.55)
(62 @.1). 02 (", 1) ) ( (puron) @), 0% (P ) (@) (3.50)

Let n = max (1/11 (m),? (m)) and define ( m,gz;,ll) , (?n,zz;,%) 2 frn — gm by
(@ @), 08 @) = (¥ Pormrn) @) 2008 (Phr ) (@) (3.57)
(92 @) .52 (@) = (2 Puzimn) @), 022 (P ) (@) - (3.58)

Let (@m, m) f x 17 — gm be the fiber homotopy defined by
s - Ol (z,1—2t),0L (z/,1-2t)), ifo<t<i

(6mte:).60, w'0) = {E@%n (z,zt ~1),02 (i',%— 1), Zf l<t< i (359

By (3.53) and (3.55) ((:)m,(:);n> is well-defined. On the other hand, by (3.54), (3.56), (3.57) and

(3.58) it is a homotopy between the morphisms (~Tln,1;;,1l) o (pn,pl,) and (1;72”,1;;2) o (pn,p;l).
Indeed,

(61 (2,0),6], (+/,0)) = (O}, (2,1), 0,4 (o', 1)) =
(ks orm) @), 03 (Pry) @) =
(Y (Pt mn) P @) 08 (P ) (P (@) ) =
(Jﬂ( (2)), ¥rn (pn< >)), (3.60)
(6 (2:1),60, (1)) = (2, 1) =
(¢m (Puz(m)) (2) 122 (pwm)) <x'>) =
(42 (Puzimn) 0o @), 02 (Praguyn) (P @))) =
(92 (n @), 62 (50, (1)) (3.61)
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Therefore, by the property SF2) of (p,p’) : f — f, there exist A(m) > n and a morphism

(AM,A;R) : f&(m) — gm such that

(p’M(m)) (m/)) -
(@ 0 Puremyn) (Pusen) @) 0k 0 Ps ) (P iy ) &) =
(#h (Pt a0m) @00 (P iy 3y) @) -

(B 1), AL (1)) = (2, (p sy ) @522 () 4 ) ()
(@2 0 purmyn) (Prsim) @) (92 0 Pyagmyn) (P a0 ) (#)) =
(42 (Puzm som) @2 (P ) &)

(B A7) 0 (Pagmy Pagmy) = (O O0,) (rel {1 x Tar})

Consider the fiber homotopies

Sy

(B .0, A7, (,0)) = (34, (Pusm)) ()

(6}71 m-+1» C—)’n’lL m-+1 ) (®$n7m+17@7721,m+1 ) : f X 1I — Im.-

By definition, in this case we have
(@:n,m-&-l (l‘ S, 0) 97711 ,m—+1 (Z‘ 870)) = (ein ('/Ea S) ) @;}L (-T/a 3)) )
(@:n,m+1 (‘T7 S, ]-) 9'(% ,m+1 ((E S, 1)) =

(1 (i1 (@) i (€10 15)).

(len,m—i-l (l‘ 0 t) em ;m—+1 (Z‘ 0 t)) = (‘pm m+1 ('Ta t) 7<p;n,m+1 ($/7t)) )

(@}%mﬂ (2,1,8),0,} iy (2,1 t)) _

(1/’7111 mi1 (Por(mr1) ( Y m+1 (pi/, tm41) ( ))
(@,Qn’mﬂ(st) mm+1w30) ( >7
(@,Qnm+1(x51) mm+1(msl))

(1 (O241 @),8) Gl i (€2 (@) 15) )

(ng,m+1 (‘T 0 t) Gm m+1 (:E Oat)) = (¢m,m+1 ($,t) 790;n7m+1 (xlvt)) )

(3.62)

(3.63)

(3.64)

(3.65)

(3.66)

(3.67)

(3.68)

(3.69)

(3.70)

(3.71)

(3.72)
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(Ot (@ 1,1), 07 i (w2, 1,1)) =
(wfn,m+1 (Pozms1) (@) 1) 2 s (pipz(m oy (@) t)) . (3.73)

Let (ém7m+1, ®m7m+1> : fx 1y x 11 — g, be a fiber homotopy defined by

(ém,erl (:L‘7 S, t) ) é;n.erl (!E/, Sy t)) =

_ e’}n,m-i-l (J), 1- 257t) ) e;rlz,m-i-l (mla 1- 287t) ’ Zf 0 S S S % (3 74)
O2, i (2,25 —1,1),02 (2,25 — 1,1)), if 3<s<1L '

By (3.68) and (3.72), it is well-defined. Let (Am,Alm ) : fx 1y x 17 = gm be a fiber homotopy
which realizes (3.64), i.e.

(Am (z,s,0) ,A;n (', s, O)) = (Am (pA(m) (2) ,5) ,A;n (p’A(m) (x') ,s)) , (3.75)
(Am (w,8,1), A;n (2, s, 1)) = ((:)m (x,5), (:);n (2, s)) , (3.76)
(Am (z,5,t),A, (.5, t)) - (Am (z,5,0), A, (.5, o)) if seal. (3.77)

~ ~

Define the fiber homotopy (Fm,m+1, Fm,m+1) : f x 1y x 1 — gy, by the formula

(fm,m+l (1'7 S, t) ) f‘lm,m-i-l (xlv S, t)) =

. 1
(A~m(f£, 533t>7Alm(x,75~73t)) ZfOS S S g
(@’mﬂ(x, 5,3t —1),07, (25,3t — 1)) if $<s< (3.78)
(Gm,m+1Am (z, 5,3 = 3t), @1 N (25,3 — 3t) if 2<s<1.

wln

By (3.76), (3.74), (3.66), (3.70), (3.59), (3.66), (3.70) and (3.77) the morphism (fm,mﬂ,f’ )

m,m+1
is well defined. On the other hand, by (3.77), for each x € X and 2’ € X’ the homotopies fm77yL+1
and f;mm_H are constant on the subspaces {z} x {0} x [0; 3], {2} x {1} x [0; 3], {z} x {0} x [2;1],
{a} x {1} x [3;1] and {2/} x {0} x [0; 5], {2} x {1} x [0; 3], {='} x {0} x [3;1], {o'} x {1} x [3;1],
respectively. Consider the quotient space Z of I x I, where {0} x [0; %], {1} x [0; %], {0} x [3;1]
and {1} x [%, 1] are identified with the points (O7 %), (1, %), (0, %) and (1, 5), respectively. In this
[ ):fxlzﬁgmsuchthat

’

case, there exists a morphism (I'y, 41, I‘mm 41

(f‘m,m+17f‘;n’m+1 ) = (f‘m,m+l7f;n,m+1> o (1X X q, 1X X q)a (379)
where g : I X I — Z is a quotient map. Let k: I x I — Z be a homeomorphism such that

k (87 0) =4q (87 0) ’ (380)
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k(s,1)=4q(s,1), (3.81)
ren=a (0.5, (3.52)
k(s,1) = g (1, 13”) . (3.83)

’

Let (Fm’m+17 r ) : f X 1z = gm be a morphism given by

m,m-+1

’

(rm7m+1 (@, 8,8), Tt (x’,s,t)) = (fm7m+1 @,k (5,8) , T (m’,k(s,t))) L (3.84)

Let k = max (A (m), A(m+1)¢' (m),? (m)) Define

(o (z,8,t),0% (2, 8,1)) =

Ao (pa, @) s) A (v, <x’>,s)), ift=0
dm, m+1Am+1 (pA 1y l(x)v ) Qm+1 m+1 (pA7n+l ($I)78)> , ift=1
= , 3.85
'l/}rln,m—&-l ( Yy mi1k 5) 71/Jm ,m—+1 pw’l (lL’),S ) if s=0 ( )
w;n,m+1 ( V2 mik ,8) ﬂPm m+1 pw/z . (.’17),8 ) Zf s=1.
In this case, we have
<Fm,m+1\X><6123F;n,m+1X’><812 ) = (0%, 0%) o (pk X Lor2,p) X lor2). (3.86)
Therefore, by theorem 2.5 there exist A (m,m+1) > k and a morphism (Am,m+1,A;n7m+1) :
fA(m m+1) X 17 X 11 = g, such that
<Am MALX A 1) XOI25 A, mALXE ><8[2> =
(O—’O—;“) © (p’f,A(m7m+1) X 18]2’p;f,5(m,m+1) X ]‘812 ) ’ (387)
(Am1m+1’ Am,m+1> © (pA(m,m+1) X 112’p/A(m,m+1) X 112) =
= (Tonns 1 Dy ) (rel {f x Lor2}). (3.88)

Let A(m+1) = max {A (nyn + 1)}, then A : N — N will be an increasing function. Now define
the morphisms

(Am, A;n) At X 11 = g, (3.89)

/

(Am,erlaAm,erl) : fA((m) X 1[ X 1[ — Gm, (390)
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by the following

~/

(Am,A;n) - (Am,Am) ° (pﬁ(mm((m) X 1105 oy oy < 11 ) 7 (3.91)

!’
(Am,m—i-l ) Am,m,+1> =

(Am,erlvAm,erl) ° (pA(m+1),A((m+1) X 112’p/A(m+1),A((m+1) X 112 ) . (392)

/

In this case, we can show that ((-')1, @Il) = {(G}n, @nlb) , (@1 o1 @)} is a coherent

mm+1 ¥ m,m+1>

homotopy between the morphisms (\Ill, lIlI1> and (\112, \Illz) Q.E.D.

By theorems 3.1 and 3.2, if (p1,p}) : f — f1 and (p2,p5) : f — f2 are two expansions of f,
then there exists a unique isomorphism (i,i’) : f; — f3 such that

[(1,i)] o (P1,P}) = (P2, PY). (3.93)

For each f,g € Morcm consider the set of all triples

((p,P"), (a,d), [(¥, ¥"))), (3.94)
where (p,p’) : f — f and (q,q’) : ¢ — g are strong fiber expansions and [(1, ¥’)] is a coherent ho-
motopy class of the coherent morphism (¥, %) : f — g Two such triples

((p1,p’1), (a1, d}), K\Ill, W;)D and ((pQ,pg)7 (az, d5), |:<\II2,\IJ'2):|) are called equivalent if

(G300 [(wa2))] = [(w2, ®5)] 16,1, (3.95)

where [(i,i')] : f1 — f2 and [(j,]')] ;81 — g2 are isomorphisms. The equivalence class of the triple
(p,P"); (q,d"), [(¥, ®’)]) is denoted by F : f — g and is called a strong shape morphism from
f to g. Let the category SSh (Morcn) of all continuous maps of compact metric spaces and all
strong shape morphisms be called the strong fiber shape category of Morcng.

Remark. Note that there exists a functorial relation between the strong fiber shape category and
fiber shape category.
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